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^O . 1 Preliminaries 

in 

en 

• ' The exponential dichotomy is one of the basic concepts in the theory of 

2^ . dynamical systems and plays an important role in the study of stable and 

00 I instable manifolds. Various concepts of dichotomy were introduced and 

O ■ studied by S.N. Chow and H. Leiva in [2], M. Megan, A.L. Sasu and B. Sasu 

in [1], P. Preda and C. Preda in [TT]. A natural generalization of the notion 
k>( I of dichotomy is considered the trichotomy, which refers at a decomposition of 

$-^ ' the space at every moment into three closed subspaces: a stable subspace, an 

instable one and a center manifold. The trichotomy was introduced by R.J. 
Sacker and G.R. Sell in [12] and the exponential trichotomy by S. Elaydi 
and O. Hajek in [3]. In recent years interesting results in the domain of 
trichotomy were obtained by L.H. Popescu in [lOj, B. Sasu and A.L. Sasu 
in [13] or L. Barreira and C. Vallis in p^j. 

A new concept of trichotomy, the null uniform exponential trichotomy 
for evolution operators was introduced in [5j. The study has been continued 
by the definition of uniform exponential trichotomy by means of three pro- 
jection families in [8]. The trichotomy is studied in the nonuniform setting 
for skew-evolution semiflows in [6] and [9] and for discrete time in [7]. 



In our paper we extend the asymptotic properties of exponential di- 
chotomy and trichotomy for the newly introduced concept of skew-evolution 
semiflows, which can be considered generalization for evolution operators 
and skew-product semiflows. 

2 Notations. Definitions. Examples 

We consider {X, d) a metric space, V a Banach space and B{V) the space 
of all bounded linear operators from V into itself. We denote the sets T = 
{(t,to) G M2, t > to > 0} and y = X X F. Let P : F ^ y be a projector 
given by P{x, v) = (x, P{x)v), where P{x) is a projection on 1^ = {x} x V, 
xeX. 

Definition 2.1 A mapping ip : T x X ^ X is called evolution semiflow on 
X if following relations hold: 

(si) cpit,t,x) = X, V(t,x) e M+ X X 

(■S2) ^{ijSjiplsjtQjX)) = ip{t,to,x),\/t > s >to >0,x G X. 

Definition 2.2 A mapping ^ : T x X ^ i3{V) is called evolution cocycle 

over an evolution semiflow if if: 

(ci) ^{t,t,x) = I, the identity operator on V, V(t,x) € M+ x X 
(C2) ^{t,s,(f{s,to,x))^{s,to,x) = ^{t,to,x),\ft > s >to>0,x e X. 

Definition 2.3 The mapping C : T x Y ^> Y defined by the relation 
C{t,s,x,v) = {ip{t,s,x),^{t,s,x)v), where <I> is an evolution cocycle over 
an evolution semiflow ^p, is called skew- evolution semiflow on Y. 

Example 2.1 Let / : M+ -^ ]R+ be a decreasing function on [0, 00) such 
that there exists lim f{t) = I. 

t— >oo 

Let X be the closure in C(M_(_, M) of the set 

{ft, t G M+l, where /^(t) = /(t + T),\/Te R+. 
Then the mapping 

(f : T X X ^ X, (p{t, s, x) = xt-s 

is an evolution semiflow on X. 

Let us consider the Banach space V = W, p > 1, with the norm 

||(t;i,...,fp)|| = j-uil + ...+ \vp\. The mapping 

$ : T X X ^ B{V), ^{t,s,x){vi,...,vp) = [e^^^^-'^'^^vi, ...,e^>^^-''^^^Vp^ 
is an evolution cocycle over ip and C = {(p, <1>) is a skew-evolution semiflow 

on y. 



Definition 2.4 Two projector families {Pk}ke{i,2} are said to be compatible 
with a skew-evolution semiflow C = (93, <I>) if 

(dci) Pl{x) + P2(X) = /, Pl{x)P2{x) = P2{x)Pl{x) = 

(dc2) Pfc(v9(t,s,2;))$(t,s,x)t; = $(t, s,x)Pfc(x)f , k E {1,2} 
for all t > s > to > and all (x, v) G Y. 

Definition 2.5 A skew-evolution semiflow C = {if, $) is uniformly expo- 
nentially dichotomic if there exist two projector families {Pk}kG{i,2} com- 
patible with C and some constants A''i, A''2 > 1, 1^1, z^2 > such that 
(uedi) e"^^^-"'^ \\^{t,to,x)Pi{x)v\\ < Ni \\^{s,to,x)Pi{x)v\\ 
{ued2) e'^^Ct-s) \\(^{s,ta,x)P2{x)v\\ < N2 \Mt,to,x)P2{x)v\\ 
for alH > s > to > and all (x, v) G Y. 

Example 2.2 We consider X and the evolution semiflow (p as in Example 
12.11 Let V = M? with the norm ||(wi,W2)|| = |^i| + \v2\- The mapping 

$ : T X X ^ B{V), <^{t,s,x){v) = (vie-^f>^^-'^'^\v2e^^>^^-'^'^^^ 

is an evolution cocycle. 

We consider the projectors Pi{x,v) = (fi,0), ^2(2^,^') = (0,^2)- 

Then C = (93, <^) is a uniformly exponentially dichotomic skew-evolution 

semiflow with Ni = N2 = 1, vi = 2, z^2 = 3. 

Definition 2.6 Three projector families {Pk}ke{i,2,3} a-re said to be com- 
patible with a skew-evolution semiflow C = (99, $) if 

(tci) Pi{x) + P2(a;) + Psix) = I, Pi{x)Pj{x) = Pj{x)Pi{x) = 0, i,j € 
{1,2,3}, i/j 

(tc2) Pfc((^(t,s,x))$(t,s,x)w = $(t,s,x)Pfc(x)v, k G {1,2,3} 
for ah t > s > to > and ah {x, v) G Y. 

Definition 2.7 A skew-evolution semiflow C is uniformly exponentially tri- 
chotomic if there exist three projector families {-Pfc}fce{i,2.3} compatible with 
C and some constants A^i, A'^2, -^3 ^ l, ^i, ^^2, ^^3 > such that 
{ueti) e'^i^*-^) ||$(t,to,x)Pi(x)t;|| < iVi \\^{s,tQ,x)Pi{x)v\\ 
{uet2) e'^^C*-^) ||$(s,to,x)P2(2;)?;|| < N2 \\^{t,tQ,x)P2{x)v\\ 
{uet3) \mt,to,x)P3ix)v\\ < Nse''^('-'Ums,to,x)P3ix)v\\ 

\\^{s,to,x)P3{x)v\\ < iVge''^^*-^) ||$(t,to,x)P3(x)w|| 

for ah t > s > to > and ah {x, v) G Y. 

Example 2.3 Let us consider function a /, a metric space X and an evo- 
lution semiflow 99 as in Example 12. li Let /i > /(O). 

We consider 1/ = R^ with the norm ||(t'i,i'2,'y3)|| = |^i[ + ^2! + li^sl- The 
mapping 

$ : r X X ^ 13{V), <l>{t,s,x){v) = 



/ -i^i(t—to)+ f. x(T-to)dT f. x(T-t{))dT -(t—to)x(0)+f. x(T—to)dT N 

= (e ' -'^o ^ ' vi, e''*o ^ V2, e ' ^ ' ^to ^ ' ^^j 

is an evolution cocycle. 

We consider the projectors Pi{x,v) = (t;i,0, 0), P2{x,v) = (0,^2,0), 

P3{X,V) = {0,0,V3). 

Then C = {if, $) is uniformly exponentially trichotomic with Ni = N2 = 

N3 = 1, 1^1 = fj, - x{0), V2 = 1, 1^3 = x{0). 

Remark 2.1 For P3 = we obtain in Definition 12 . 71 the property of uniform 
exponential dichotomy. 

3 Main results 

To characterize the uniform exponential dichotomy we will consider the next 
theorem. 

Theorem 3.1 yl skew- evolution semiflow C = (99, $) is uniformly exponen- 
tially dichotomic if and only if there exist two projector families {-PA:}fcg{i,2} 
compatible with C and a nondecreasing function f : [0,oo) -^ (l,oo) with 
the property lim f(t) = cxd such that 

(i) fit-s)\mt,to,x)Pi{x)v\\ < \ms,to,x)Pi{x)v\\ 
(ii) f{t-s)\\^{s,to,x)P2ix)v\\ < \\<^{t,to,x)P2ix)v\\ 
for all t > s > to > and all (x, v) G Y. 

Proof. Necessity. It is immediate if we consider f{t) = N^^e"^^, t > 0, where 
A^ = maxjA^i, A'^2} and v = min{z^i, 1/2}, the constants A'^i, A'^21 z^ii 1^2 being 
given by Definition 12.51 

Sufficiency. We will show that (i) implies {uedi). From the definition of 
function / there exists 6 > such that f{5) > 1. We denote 



Let (t, s) S T. There exist n G N and r € [0, 6) such that t — s = n6 + r. 
We have 

e'^^*-^) \mt,to,x)v\\ < fiS)[f{5)r \mt,to,x)v\\ < 

< fimi^T'' mt - S,to,x)v\\ < ... < f{6) \mt - n6,to,x)v\\ < 

< f{5)f{r) mt - n6, to, x)v\\ < f{5) ||<I>(s, to, ^)^|| ■ 

If we denote N = f{6) > 1, (uedi) follows. 

By an analogous deduction we obtain that (ii) implies {ued2). 

Next result represent a characterization for the property of uniform ex- 
ponential trichotomy. 



Theorem 3.2 Let C = {ip, ^) be a skew- evolution semiflow with the prop- 
erty that for all {to, x,v) gR^xY the mapping s 1-^ \\^{s,tQ,x)v\\ is measur- 
able. Then C is uniformly exponentially trichotomic if and only if there exist 
three projector families {Pk}k€{i,2,3} compatible with C, some constants N, 
M > 1 and a nondecreasing function g : [0, oo) -^ (l,oo) with the property 

lim g{t) = oo such that 

i— >oo 

{i) \\^{t,tQ,x)Pi{x)v\\ <N\\Pi{x)v\\ and 

jl ||$(r, to, x)Pi{x)v\\ dT<M ||$(s, to, x)Pi{x)v\\ 
{ii) 11^2(3^)^^11 < N \\f^{t,to,x)P2{x)v\\ and 

jl\\^{T,to,x)P2{x)v\\dT < M \\^{t,to,x)P2{x)v\\ 

{Hi) \\^{t,to,x)P3{x)v\\ < g{t - s)\\^{s,to,x)P3{x)v\\ 
\\^{s, to, x)P3{x)v\\ < g{t - s) ||$(t, to,x)P3{x)v\\ 
for all t > s > to >0 and all {x, v) G Y. 

Proof. Necessity. It can be easily verified. We obtain N = maxjA^i, A'^2}, 
M = max{Niu{^ , N2i^2^} and g{t) = Nj^'^e''^\ the constants Ni, N2, N^, 
^1 , '^2, '^3 being given by Definition 12. 7[ 

Sufficiency. We wih prove that the relations in {i) imply {ueti). We 
have 

\\^{t,to,x)Pi{x)v\\ = \\<^{t,s,ip{s,to,x))<!>{s,to,x)Pi{x)v\\ < 

<N\\<i>{s,to,x)Pi{x)v\\, (3.1) 

for all t > s > to > and all (x, v) E Y. We integrate the obtained relation 
on [s,t] and we have 

{t- s) \\^{t,to,x)Pi{x)v\\ < N \\^{T,to,x)Pi{x)v\\dT 

J s 

<MN\\^{s,to,x)Pi{x)v\\. (3.2) 

We obtain, according to relations (j3.1|) and (|3.2|) 

{t - s + l)\\^{t,to,x)Pi{x)v\\ < N{M + l)\\^{s,to,x)Pi{x)v\\ , 

for all (t, s), {s, to) S T and all {x, v) G Y. If we denote 

•^^") = Ar(M + l)' " ^ °' 

similarly as in the proof of Theorem 13.11 we obtain (neti). 

An analogous deduction can be applied to prove that {ii) implies {uet2). 

To prove that the first relation in {Hi) implies the first relation in (nets), 
we consider t > s > to > 0. We denote n = [t — s]. We consider A^3 = g{l) > 
1, i/'3 = InN^ > and we obtain 

\\^{t,to,x)P3{x)v\\ < N-i \\^{t - l,to,x)Pi{x)v\\ < ... 



...<N^^'mt-n,to,x)P3{x)v\\ <N^+^\Ms,to,x)P3{x)v\\ = 

= N^e"^"'' \\^{s,tQ,x)P^,{x)v\\ < iV3e''3{t-s) \\^[s,to,x)P3{x)v\\ 

for alH > s > to > and all (x, v) G Y. 

Similarly is obtained the second relation in {uet^) from the corresponding 
relation in (Hi). 
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